


Kuwait University Math 101 Date: January 20, 2009

Dept. of Math. & Comp. Sci. Final Exam Answer Key

1. (a) lim
x→2

(
1
x−2 −

4
x2−4

)
= lim

x→2

(
1
x−2 −

4
(x−2)(x+2)

)
= lim

x→2

(x−2)
(x−2)(x+2) = limx→2

1
x+2

= 1
4
.

(b) lim
θ→0

2 sin θ−sin 2θ
θ2

= lim
θ→0

2 sin θ−2 sin θ cos θ
θ2

= lim
θ→0

2 sin θ(1−cos θ)
θ2

= 2
(
lim
θ→0

sin θ
θ

)(
lim
θ→0

1−cos θ
θ

)
=

2× 1× 0 = 0 .

2. (a) lim
x→0+

f (x) = lim
x→0+

x2−k
x2+1

= −k = f (0)& lim
x→0−

f (x) = lim
x→0−

x3−k+1
x2+2

= −k+1
2
.

f is continuous at 0 =⇒ −k+1
2
= −k =⇒ k = −1 .

(b) At x = 3: lim
x→3
f (x) = lim

x→3

x2 − k
x2 + 1

= lim
x→3

x2 − (−1)
x2 + 1

= 1 = f (3) =⇒

Yes, f is continuous at x = 3. [or, for x = 3 > 0, f is a rational function, with
nonzero denominator, then f is continuous at x = 3].

3. f ′ (x) = x√
1+x2

− −x6+3x2

(x4+1)2
=⇒ f ′ (1) = 1√

2
− 1

2
.

4. f is continuous on [−1, 2] , and differentiable on (−1, 2) (f is polynomial). f ′ (x) =
3x2− 2, f (−1) = 1, f (2) = 4. From the Mean Value Theorem, ∃ c ∈ (−1, 2) such that
f (2) − f (−1) = f ′ (c) [2− (−1)] , i.e., 3c2 − 2 = 1 =⇒ c2 = 1 =⇒ c = ±1 =⇒
Only, c = 1 satisfy the conclusion of the Mean Value Theorem of f on [−1, 2] .[−1 /∈
(−1, 2)].

5. Solution (1): Since

d
dx

[
2
7
(cosx)7/2 − 2

3
(cos x)3/2 + C

]
= (− sin x) (cosx)

5

2 − (− sin x) (cosx)
1

2 =

sin x (cosx)
1

2 [1− cos2 x] = sin3 x
√
cosx.

Therefore,

∫
sin3 x

√
cosx dx = 2

7
(cosx)7/2 − 2

3
(cosx)3/2 + C.

Solution (2): I =

∫
sin3 x

√
cos x dx =

∫
sinx

√
cosx

(
sin2 x

)
dx =

∫
sinx

√
cosx

(
1− cos2 x

)
dx =

∫
sin x

[
(cosx)

1

2 − (cosx)
5

2

]
dx.

Put u = cosx, thus, du = − sin xdx =⇒ I =

∫ (
u
5

2 − u 12
)
du =

2

7
u
7

2 − 2
3
u
3

2 + C =

2

7
(cosx)7/2 − 2

3
(cosx)3/2 + C.

6. Let I1 =

3∫

0

√
3− xdx. Put u = 3 − x, thus, du = −dx, u (0) = 3, u (3) = 0 =⇒

I1 =

0∫

3

√
udu = 2

3

[
u
3

2

]3

0
= 2

3
(3)

3

2 = 2
√
3

Let f (x) = x3 cosx. Since f (−x) = −f (x) , thus, f is odd function and

I2 =

2∫

−2

x3 cosxdx = 0 . Then,

3∫

0

√
3− xdx+

2∫

−2

x3 cosxdx = 2
√
3 + 0 = 2

√
3 .



7. f ′ (x) = 2x
3+x4

, f ′′ (x) =
6(1−x4)
(x4+3)2

=
6(1+x2)(1−x)(1+x)

(x4+3)2
.

f ′′ changes sign at x = ±1. Thus, the points of inflection of f are at x = ±1.

8. Let f (x) =
√
x2 + 16, f is increasing (f ′ (x) = x√

x2+16
> 0 for x ∈ [0, 3]). Therefore,

f (0) ≤ f (x) ≤ f (3) for x ∈ [0, 3] . [or, 0 ≤ x ≤ 3 =⇒ 0 ≤ x2 ≤ 9 =⇒ 16 ≤

x2 + 16 ≤ 25 =⇒ 4 ≤
√
x2 + 16 ≤ 5] Thus,

3∫

0

f (0) dx ≤
3∫

0

f (x) dx ≤
3∫

0

f (3) dx =⇒

3∫

0

4dx ≤
3∫

0

f (x) dx ≤
3∫

0

5dx =⇒ 12 ≤
3∫

0

√
x2 + 16 dx ≤ 15.

9. The Area =

1∫

0

(y − y2) dy =
[
y2

2
− y3

3

]1

0
= 1

6
.

10. (a) R��������	 
���� ��� ��	� y = 2 :

V olume = 2π

1∫

0

(2− y)
(
y
1

3 − y2
)
dy

OR V olume = π

1∫

0

[
(2− x3)2 − (2−

√
x)
2
]
dx.

(b) R��������	 
���� ��� ��	� x = 2 :

V olume = π

1∫

0

[
(2− y2)2 −

(
2− y 13

)2]
dy

OR V olume = 2π

1∫

0

(2− x) (
√
x− x3) dx.

Q9: , Q10: .




